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EXPECTFD CRITICAL PATH LENGTHS IN PERT NETWORKS

IHTRODUCTIOW
In this not« we propose s method for calculating an approxljnatlon to the expected length of a critical path in a PERT network in which arc lengths are random variables. The usual practice in this situation (as In other linear programming problems with random objective functions) is simply to replace each distribution by its expected value, thereby obtaining a deterministic problem whose solution provides an estimate g of the expected critical path length e. This estimate is always optimistic: g < e. We shall describe a way of computing a usually better, and never worse, approximation f; this approximation satisfies g < f < e. The proof of this inequality is easy, once the procedure for obtaining f has been described, but the basic Idea seems not to have been noted before.
The PERT model [4] is reviewed in Sec. 2. Section 3 introduces the notation used throughout the remainder of the paper and outlines sufficient conditions on the underlying distributions in order that the inequality g < f < e hold.
The procedure for calculating f is presented in Sec. 4, and a proof of the inequality given. Section 5 contains some numerical examples for which the numbers g, f, e are compared. The concluding Sec. 6 sketches an application to the random shortest-path problem in more general networks.
PERT NEWORKS
A PERT network Is a directed, acyclic network. In the PERT model, such a network Is viewed as representing a partial ordering of the many Individual "Jobs" (arcs of the network) that together comprise some "project" (the complete network), the partial ordering coming from the requirement that all Inward-pointing Jobs at a node must be finished before any outward-pointing Job at the node can be started. Any partially ordered set can be so represented by introducing dummy arcs appropriately. We may also add to the network, if necessary, two distinguished nodes, called origin and terminal, respectively, together with appropriate outwardpointing arcs at the origin and inwardr-pointing arcs at the terminal» in such a way that every node is contained in some path (directed chain) from origin to terminal. The nodes of the network are thought of as "events" in time: if Jobs are assigned duration times, i.e., arcs are assigned lengths, the length of a longest path from the origin to any other node of the network represents the (earliest) time of occurrence of that node. The duration time of the entire project is then the length of a longest path from origin to terminal. Such a path is called critical. We also use this terminology in speaking of a longest path from the origin to some other node.
Since the network is acyclic, it is a trivial matter to compute critical path lengths from the origin to all other nodes, given a fixed assignment of arc lengths. But if arc 
O.11) p(t Ai ) = p(t Bi )p(t B2 )--.p(t Bi ).
Let t be a component of the bundle vector tg. Then the expected length of arc a is (5.12) t a = 2 P(t B )t a .
For the arc lengths (5-12), we let g 1 denote the length of (1) (2) 
5» SOME NUMERICAL EXAMPLES
In this section we present some numerical examples for purposes of comparing the numbers g^f^. In each of the examples, we have assumed the same uniform distribution on each arc, distributions on distinct arcs being Independent.
The numbers recorded beside a typical arc are the lengths that can be taken on. m Examples 2 and 3, the computation of e n was carried out on a computer, using a program written by R. Clasen.
